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UHVXOWV LQ FRPSDULVRQZLWK LWV 7\SH DQGFRQYHQWLRQDO FRXQWHUSDUWV:HEHOLHYH WKDW WKHSUHVHQWHG
GHVLJQPHWKRGRORJ\DQGUHVXOWVZLOOSURYLGHDEULGJHIRUDZLGHUGHSOR\PHQWRI7\SHIX]]\ORJLFLQ
WKHDUHDRIWKHFRPSXWHUJDPHV












PDGHDVLJQLILFDQWEUHDNWKURXJK LQWKHDUHDRIFRPSXWDWLRQDO LQWHOOLJHQFH>@>@(VSHFLDOO\ ,QWHUYDO7 ,7
)X]]\/RJLF&RQWUROOHUV,7)/&VKDYHEHHQVXFFHVVIXOO\HPSOR\HGLQYDULRXVHQJLQHHULQJSUREOHPV>@>@
>@>@>@>@>@ ,7)/&VKDYHWKHFDSDELOLW\RIKDQGOLQJKLJKOHYHOXQFHUWDLQWLHVDVZHOODVQRQOLQHDU

























DVVKRZQLQ)LJD>@7KHKDQGOHG6,7)/&VWUXFWXUHKDVRQHLQSXWDQGIRXURXWSXW6FDOLQJ)DFWRUV6)V+HUHܭH?LVWKHLQSXW6)WKDWQRUPDOL]HWKHLQSXWWRWKHFRPPRQLQWHUYDOሾെ ?ǡ ൅ ?ሿLQZKLFKWKHPHPEHUVKLSIXQFWLRQV0)V
RIWKHLQSXWVDUHGHILQHGDQGLVGHILQHGDV
ܭH?ൌ  ?݁H?H퐋? 
ZKHUH݁ H퐋?UHSUHVHQWWKHPD[LPXPDOORZHGHUURUYDOXH:KLOHWKH,7IX]]\RXWSXWሺܷሻLVPDSSHGLQWRWKHUHVSHFWLYH
DFWXDORXWSXWݑH?H?H?H?E\WKHRXWSXW6)VDVIROORZVݑH?H?H?H?ൌ ܭH?ܷ ൅ ܭH?න ܷ݀ݐ ൅ ܭH?݀ ܷ݀ݐ  
ZKHUHܭH?ǡ ܭH?DQGܭH?DUHGHILQHGDVܭH?ൌ ܭH?H?ܭH? ܭH?ൌ ܭH?H?ܭH? ܭH?ൌ ܭH?H?ܭH? 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VWUXFWXUHRIWKH6,7)/&LVDVIROORZVܴH?ǣ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ܷ ൌ ܷH?൅ ܷH? ?  
ZKHUHܷH?DQGܷH?DUHWKHOHIWDQGULJKWHQGSRLQWVUHVSHFWLYHO\RIWKHW\SHUHGXFHGVHWDUHGHILQHGDVIROORZV
ܷH?ൌ  ? ߤH?෨I?I?ܤH?H?H?H?H? ൅  ? ߤH?෨I?I?ܤH?H?H?H?H?H?H? ? ߤH?෨I?I?H?H?H?H? ൅  ? ߤH?෨I?I?H?H?H?H?H?H?  
ܷH?ൌ  ? ߤH?෨I?I?ܤH?H?H?H?H? ൅  ? ߤH?෨I?I?H?H?H?H?H?H? ܤH? ? ߤH?෨I?I?H?H?H?H? ൅  ? ߤH?෨I?I?H?H?H?H?H?H?  
ZKHUH5DQG/DUHWKHVZLWFKLQJSRLQWV>@$VVKRZQLQ)LJWKH6,7)/&HPSOR\VIXOO\RYHUODSSLQJ,7)6VLQ
WKHVHQVHRI/0)VDQG80)V+HQFHLWLVJXDUDQWHHGWKDWDFULVSYDOXHܧԢDOZD\VEHORQJVWRWZRVXFFHVVLYH,7)6V൫ܣሚH?H?ƬܣሚH?H?H?H?൯7KXVVLQFHRQO\ܰ ൌ  ? UXOHVZLOOEHDOZD\VDFWLYDWHG WKHYDOXHVRI5 DQGܮ DUHHTXDO WR  ? >@
0RUHRYHUWKHLQSXWRXWSXWPDSSLQJRIWKH6,7)/&൫ܷሺܧሻ൯FDQEHGHULYHGDVIROORZV>@>@
ܷሺܧሻ ൌ ܧ  ?݇ ሺȁܧȁሻ 
ZKHUH݇ሺܧሻLVWKH7IX]]\JDLQDQGGHILQHVDV
݇ሺܧሻ ൌ  ? ?൬  ?ߙ ൅ ܧ െ ߙܧ ൅ ߙ െ  ?ߙܧ െ  ?൰ 
$FFRUGLQJO\WKHPDLQGHVLJQSDUDPHWHURIWKH,7)6VߙLVDVVLJQHGDVWKHRQO\WXQLQJSDUDPHWHU7KLVGHULYDWLRQ
VLPSOLILHVWKH6,7)/&GHVLJQLQWRD&RQWURO&XUYH&&JHQHUDWLRQLQVWHDGRIFRQYHQWLRQDOFRQWUROVXUIDFHGHVLJQ
,Q>@E\GHILQLQJߝH?ሺܧሻ  ൌ ܷሺܧሻ െ ܧWKHIROORZLQJGHVLJQJXLGHOLQHVKDYHEHHQSUHVHQWHG
x ,I  ? ൏ ߙ ൑ ߙH?H?ǡ WKHQߝH?൏  ? IRU׊ܧ א ȪH?ZKHUHȪH?א ሾ ?ǡ ?ሻ DQGߙH?H?ൌ ൫ ? െ ? ?൯Ȁ ?7KXV D6PRRWKH?H?H? െ H?H?H?ZLOOEHJHQHUDWHG
x ,IߙH?H?൑ ߙ ൏  ?WKHQߝH?൐  ?IRU׊ܧ א ȪH?ZKHUHȪH?א ሾ ?ǡ ?ሻDQGߙH?H?ൌ ൫ ? ?െ  ?൯Ȁ ?7KXVDQ$JJUHVVLYHH?H?H? െ H?H?H?ZLOOEHJHQHUDWHG
,Q)LJD െ H?H?H?DQG െ H?H?H?H[DPSOHVDUHJLYHQIRUߙ ൌ  ?Ǥ ?DQGߙ ൌ  ?Ǥ ?UHVSHFWLYHO\+HUHD8QLW
&&  െ  LV VNHWFKHG IRU WKH FRPSDULVRQ ,W FDQ EH FOHDUO\ VHHQ WKDW WKH  െ H?H?H? KDV UHODWLYHO\ ORZ LQSXW







DQGHPSOR\VWKH ?ݔ ?UXOHEDVHJLYHQLQ7DEOH7KHUXOHVWUXFWXUHLVGHILQHGDVIROORZVܴH?ǣ	ܧ݅ݏܣሚH?H?ȟܧ݅ݏܣሚH?H?ܷܥH? 
ZKHUHܥH?LVWKHFULVSFRQVHTXHQW0)Vሺݍ ൌ  ?ǡ ǥ ǡ ܳ ൌ  ?ሻLVGHILQHGILYHOLQJXLVWLFWHUPV1HJDWLYH%LJሺܰܤሻܰܼܲ
DQG3RVLWLYH%LJሺܲܤሻWKDWUHSUHVHQWെ ?ǡ െ ?Ǥ ?ǡ  ?ǡ  ?Ǥ ?ǡ  ?ǡUHVSHFWLYHO\7KHDQWHFHGHQWSDUWRIWKHUXOHLVGHILQHGZLWK
,7)6V൫ܣሚH?H?ǡ ܣሚH?H?Ǣ ݅ ൌ  ?ǡ ?ǡ ?Ǣ ݆ ൌ  ?ǡ  ?ǡ  ?൯ZKLFKDUHGHILQHGZLWKWKUHHOLQJXLVWLFWHUPVܰܼDQGܲ7KH,7)6VFDQ
EHGHVFULEHGZLWK80)VߤH?෨I?I?ߤH?෨I?I?ሻDQG/0)VሺߤH?෨I?I?ߤH?෨I?I?ሻZKLFKSURYLGHVH[WUDGHJUHHRIIUHHGRPWKDWLV
DOVRNQRZQDV)286LPLODUWRLWVLQSXWFRXQWHUSDUWWKH)28RI,7)6VLVJHQHUDWHGZLWKWKHKHLJKWVRIWKH/0)V൫݉H?H?൯ZKLFKLVWKHRQO\GHVLJQSDUDPHWHUWREHWXQHG>@>@
7DEOH5XOHWDEOHȟܧȀܧ ܰ ܼ ܲܤܰ ܰܤ ܰ ܼܼ ܰ ܼ ܲܲ ܼ ܲ ܲܤ
7KHLPSOHPHQWHG',7)/&XVHVWKHFHQWHURIWKHVHWVW\SHUHGXFWLRQPHWKRG>@,WKDVEHHQGHPRQVWUDWHGLQ>@
WKDWWKHGHIX]]LILHGRXWSXWFDQEHFDOFXODWHGDV ܷ ൌ ܷH?൅ ܷH? ?  
ZKHUHܷH?DQGܷH?DUHWKHOHIWDQGULJKWHQGSRLQWVUHVSHFWLYHO\RIWKHW\SHUHGXFHGVHWDUHGHILQHGDVIROORZV
ܷH?ൌ  ? ݂H?ܥH?H?H?H?H? ൅  ? H݂?ܥH?H?H?H?H?H?H?H?H? ? ݂H?H?H?H?H? ൅  ? H݂?H?H?H?H?H?H?H?H?  ܷH?ൌ  ? H݂?ܥH?H?H?H?H? ൅  ? ݂H?ܥH?H?H?H?H?H?H?H?H? ? H݂?H?H?H?H? ൅  ? ݂H?H?H?H?H?H?H?H?H?  
ZKHUHܴ DQGܮDUHWKHVZLWFKLQJSRLQWVGHILQHGEHWZHHQሾ ?ǡ ܳ െ  ?ሿ>@0RUHRYHU݂ ሚH?ൌ ቂ݂H? H݂?ቃLVWKHWRWDOILULQJ
VWUHQJWKIRUWKHH?H?UXOHDQGLVGHILQHGDV




>@ ,Q >@ >@ LW KDV EHHQ VKRZQ WKDW E\ VHWWLQJ ݉H?H?ൌ ݉H?H? DQG ݉H?H?ൌ ݉H?H? KRZ WR JHQHUDWH VPRRWK DQG
DJJUHVVLYHFRQWUROVXUIDFHVE\VLPSO\WXQLQJWKH)28SDUDPHWHUV,Q)LJDDVPRRWKFRQWUROVXUIDFHLVSUHVHQWHG
IRUWKH)28SDUDPHWHUVHWWLQJV݉H?H?ൌ ݉H?H?ൌ  ?Ǥ ?݉H?H?ൌ  ?Ǥ ?݉H?H?ൌ ݉H?H?ൌ  ?Ǥ ?DQG݉H㘋?ൌ  ?Ǥ ?ZKLOHLQ)LJEDQ
























































































 ൌ න ݁H?ሺݐሻݐ ݀ݐ 
7KHUHVXOWLQJRSWLPDOSDUDPHWHUYDOXHIRUWKHSURSRUWLRQDOJDLQLVIRXQGDVܭH?H?ൌ  ?Ǥ ? ?IURPWKHWUDLQLQJWUDMHFWRU\
7KHQWRHQKDQFHWKHFRQWUROSHUIRUPDQFHRILWVEDVHOLQHFRXQWHUSDUWLQSUHVHQFHRIXQFHUWDLQWLHVDQGQRQOLQHDULWLHVZH
SUHIHUUHGWRVHWWKH)28GHVLJQSDUDPHWHUVYDOXHDVߙ ൌ  ?Ǥ ?WRHQGXSZLWK െ H?H?H?ZKLFKLVSRWHQWLDOO\PRUHUREXVW
FRQWUROOHULQFRPSDULVRQZLWKLWVEDVHOLQHDQG െ H?H?H?FRXQWHUSDUWV7KHFRQWUROV\VWHPSHUIRUPDQFHVRIWKH6,7





QRWEHHQGHVLJQHG7KH,76(YDOXHVRIWKH6,7)/&DQG3FRQWUROOHUVWUXFWXUHVDUHFDOFXODWHGDV ? ? ? ? ?DQG ? ? ? ? ? ?
UHVSHFWLYHO\ 7KXV LQ FRPSDULVRQ ZLWK LWV FRQYHQWLRQDO FRXQWHUSDUW WKH 6,7)/& UHVXOWHG ZLWK D EHWWHU WUDFNLQJ
SHUIRUPDQFHDVVKRZQLQ)LJEDQGZDVDOVRDEOHWRUHGXFHWKH,76(YDOXHE\DERXW ? ? ?RQWKHWHVWLQJWUDMHFWRU\
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x :RUOGKHLJKWሺܪሻLVIL[HGWRDYDOXHRI ? ?XQLWV

















 7KHVSDFHVKLSFRQVXPHVPRUHWKDQ ? ? ?XQLWIXHOEHIRUHDVXFFHVVIXOODQGLQJZLWKIDLOXUH
 7KH(XFOLGHDQGLVWDQFHEHWZHHQWKHVSDFHVKLSDQGWKHGRFNLVOHVVWKDQ ?XQLWVZLWKVXFFHVVIXOODQGLQJ
0RUHRYHUZH KDYH DGGHG WKH IROORZLQJ FRQGLWLRQV IRU D VXFFHVVIXO ODQGLQJ WR PDNH WKH JDPHPRUH UHDOLVWLFZLWK
SURYLGLQJVRIWODQGLQJFRQGLWLRQV
 9HUWLFDOYHORFLW\ሺݒH?ሻPXVWEHOHVVWKDQെ ?Ǥ ?ZKHQWKHVSDFHVKLSKDVODQGHG




























DWH?H?IUDPHLQ[\FRRUGLQDWHV\VWHPFDQEHGHILQHGDVܽH?ሺ݇ሻ ൌ െ ൫ߠሺ݇ሻ൯ ܶሺ݇ሻ݀H?ܽH?ሺ݇ሻ ൌ  ൫ߠሺ݇ሻ൯ ܶሺ݇ሻ݀H? 
ZKHUH݀H?LVVDPSOLQJWLPHRIWKHJDPHZLWKDIL[HGYDOXHRI ?Ǥ ?&RUUHVSRQGLQJO\WKHYHORFLW\ሺݒሻHTXDWLRQVRIWKH
ERWKD[LVFDQEHGHILQHGDV ݒH?ሺ݇ ൅  ?ሻ ൌ ݒH?ሺ݇ሻ ൅ ܽH?ሺ݇ሻ݀H?ݒH?ሺ݇ ൅  ?ሻ ൌ ݒH?ሺ݇ሻ ൅ ܽH?ሺ݇ሻ݀H?െ ݃݀H? 










VXFFHVVIXO ODQGLQJDV LOOXVWUDWHG LQ)LJ+HUHZHSUHIHUUHG D3'W\SH',7)/&VWUXFWXUHVLQFHDFFRUGLQJ WR WKH




VWUXFWXUHIRUDQJOHFRQWUROLVFRQVWUXFWHGE\FKRRVLQJWKHLQSXWVDV݁ ൌ ȟݔሺ݇ሻȟ݁ ൌ ݒH?ሺ݇ሻDQGWKHRXWSXWDVݑ ൌ ߠሺ݇ሻ





ZLWK LWV7IX]]\DQGFRQYHQWLRQDO3'FRXQWHUSDUWV7KHQ WRH[DPLQH WKHGLIIHUHQFHVRQ WKHGLIIHUHQW OHYHORI WKH











ܨ ൌ ෍ԡEiઢሺ݇ሻԡH?H?H?H?H? ൅ E? 
ZKHUH ݊ UHSUHVHQWV WKH WRWDO QXPEHU RI VDPSOHV ZKLFK KDV EHHQ WDNHQ IRU HDFK VDPSOLQJ WLPH VWDUWLQJ IURP WKH
EHJLQQLQJWRODQGLQJRUFUDVKԡ ?ԡLVQRUPRSHUDWRUIRUWKHHUURUWHUP݁H?ሺ݇ሻZKLFKLVGHILQHGDVEiઢሺ݇ሻ ൌ ሾȟݔǡ ȟݕሿሺH?H?H?ሻ 






UHVSRQVHV IRU6FHQDULR  ? DQG  ? DUH LOOXVWUDWHGLQ)LJDDQG)LJE UHVSHFWLYHO\)RU6FHQDULR  ? WKH',7)/&
VWUXFWXUHGHFUHDVHGWKH/DQGLQJ7LPHYDOXHDERXW ? ? ?DQG ? ?LQFUHDVHGWKHFRQYHUJHQFHVSHHGWRGRFNZKLOHLWDOVR




VXUIDFHVLQ FRPSDULVRQZLWK LWV7FRXQWHUSDUW7KXV WKHUHVXOWLQJV\VWHPUHVSRQVHPLJKWEH UHODWLYHO\ VORZHUEXW
SRWHQWLDOO\PRUHUREXVWDJDLQVWXQFHUWDLQWLHV6LPLODUFRPPHQWVFDQEHPDGHIRUWKHRWKHUWZRUHIHUHQFHYDULDWLRQV
7DEOH&RQWUROOHUSDUDPHWHUVIRU/XQDU/DQGHU
0HWKRG  &RQWUROOHU  3DUDPHWHU  9DOXH
3'
 7KUXVW  ܭH?   ?Ǥ ? ?  ܭH?   ? ?Ǥ ? ?




 ܭH?   ? ݁H?H? ? 
  ܭH?   ? ?Ǥ ? ?
  ܭH?   ?Ǥ ? ?

$QJOH
 ܭH?   ? ݁H?H? ? 
  ܭH?   ? ?Ǥ ? ?




 ݉H?H?ǡ ݉H?H?   ?Ǥ ? ?
  ݉H?H?   ?Ǥ ? ?
  ݉H?H?ǡ ݉H?H?   ?Ǥ ? ?
  ݉H?H?   ?Ǥ ? ?

$QJOH
 ݉H?H?ǡ ݉H?H?   ?Ǥ ? ?
  ݉H?H?   ?Ǥ ? ?
  ݉H?H?ǡ ݉H?H?   ?Ǥ ? ?
  ݉H?H?   ?Ǥ ? ?
7DEOH&RQWUROSHUIRUPDQFHHYDOXDWLRQRIWUDLQLQJDQGWHVWLQJVFHQDULRVIRU/XQDU/DQGHU
   3'  7)/&  ',7)/&






ሺ ? ?ǡ ? ?ሻ





ሺ ? ?ǡ ? ?ሻ
 ሺ ?ǡ  ?Ǥ ?ሻ   ? ? ? ? ? െכ <   ? ? ? ?  ? ?Ǥ ?    ? ? ? ?  ? ?  ?   ሺ ?ǡ  ?Ǥ ?ሻ   ? ? ? ? ? െכ <   ? ? ? ? ? െכ <   ? ? ? ?  ? ?Ǥ ?  ?   ሺ ? ?ǡ ?Ǥ ?ሻ   ? ? ? ? ? െכ <   ? ? ? ? ? െכ <   ? ? ? ?  ? ?Ǥ ?  ?   ሺ ? ?ǡ ?Ǥ ?ሻ   ? ? ? ?  ? ?Ǥ ?    ? ? ? ? ? െכ <   ? ? ? ?  ? ?Ǥ ? 
1RWDSSOLFDEOHEHFDXVHRIWKHFUDVK







ZDVYLRODWHG3'VWUXFWXUHKDVDOVRYLRODWHG  ?H?H? FRQGLWLRQDW6FHQDULRDQG7KH7 IX]]\VWUXFWXUHFUDVKHGWKH
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